Abstract. Let X, Y be complete, simply connected Riemannian surfaces with pinched negative curvature −b 2 ≤ K ≤ −1. We show that if f : ∂X → ∂Y is a Moebius homeomorphism between the boundaries at infinity of X, Y , then f extends to an isometry F : X → Y . This can be viewed as a generalization of Otal's marked length spectrum rigidity theorem for closed, negatively curved surfaces, in the sense that Otal's theorem asserts that if X, Y admit properly discontinuous, cocompact, free actions by groups of isometries and the boundary map f is Moebius and equivariant with respect to these actions then it extends to an isometry. In our case there are no cocompactness or equivariance assumptions, indeed the isometry groups of X, Y may be trivial.
Introduction
We continue in this article the study of Moebius maps between boundaries of CAT(-1) spaces undertaken in [Bis15] , [Bis16] , [Bis17a] , [Bis17b] , [Bis18] . The principal question is whether a Moebius homeomorphism between the boundaries at infinity of two CAT(-1) spaces extends to an isometry between the spaces. We recall that the boundary ∂X of a CAT(-1) space comes equipped with a positive function on the set of quadruples of distinct points in ∂X, called the cross-ratio, and a map f : ∂X → ∂Y between boundaries is said to be Moebius if it preserves cross-ratios.
Bourdon [Bou96] showed that if X is a rank one symmetric space of noncompact type with the metric normalized so that the maximum of the sectional curvatures equals −1, and Y is any CAT(-1) space, then any Moebius embedding f : ∂X → ∂Y extends to an isometric embedding F : X → Y . In [Bis15] it was shown that if X, Y are proper, geodesically complete CAT(-1) spaces, then any Moebius homeomorphism f : ∂X → ∂Y extends to a (1, log 2)-quasi-isometry F : X → Y . This extension was shown in [Bis17a] to coincide with a certain geometrically defined extension of Moebius maps called the circumcenter extension. For X, Y complete, simply connected Riemannian manifolds of pinched negative curvature −b 2 ≤ K ≤ −1, the main result of [Bis15] was improved in [Bis17a] to show that the circumcenter extension F : X → Y of a Moebius homeomorphism f : ∂X → ∂Y is a (1, (1 − 1/b) log 2)-quasi-isometry. The case of complete, simply connected Riemannian manifolds X, Y of pinched negative curvature −b 2 ≤ K ≤ −1 was further studied in [Bis17b] , where it was shown that if f : ∂X → ∂Y and g : ∂Y → ∂X are mutually inverse Moebius homeomorphisms, then their circumcenter extensions F : X → Y and G : Y → X are √ b-bi-Lipschitz homeomorphisms which are inverses of each other. Another case which has been considered is that of compact deformations of a negatively curved manifold [Bis16] , [Bis18] . Here, we consider a complete, simply connected Riemannian manifold (X, g 0 ) of pinched negative curvature −b 2 ≤ K g0 ≤ −1, and a Riemannian metric g 1 on X such that g 1 = g 0 outside a compact in X, and such that g 1 has sectional curvature bounded above by −1. The identity map id : (X, g 0 ) → (X, g 1 ) is bi-Lipschitz, and thus induces a homeomorphism f : ∂ g0 X → ∂ g1 X between the boundaries at infinity of (X, g 0 ) and (X, g 1 ). While some partial results were proved in [Bis16] , in [Bis18] a complete solution to the problem in this case was obtained: if the boundary map f : ∂ g0 X → ∂ g1 X is Moebius, then its circumcenter extension F : (X, g 0 ) → (X, g 1 ) is an isometry.
In the present article we obtain a complete solution to the problem of extending Moebius maps to isometries for the case of complete, simply connected Riemannian manifolds of pinched negative curvature in dimension two: The above theorem may be viewed as a generalization of the well-known result of Otal on marked length spectrum rigidity for closed, negatively curved surfaces [Ota90] . This result states that if two closed, negatively curved surfaces have the same marked length spectrum, then they are isometric. It is well-known that two closed, negatively curved manifolds have the same marked length spectrum if and only if there is an equivariant Moebius map between the boundaries of their universal covers (see [Ota92] and section 5 of [Bis15] ). Thus Otal's result is equivalent to the following: if X, Y are complete, simply connected Riemannian surfaces with curvature bounded above by −1, admitting free, properly discontinuous, cocompact, isometric actions by a discrete group Γ, and f : ∂X → ∂Y is an equivariant Moebius map, then f extends to an isometry F : X → Y . We remark that the cocompactness of the actions is crucial to Otal's proof, where a certain invariant is defined by integrating over the compact quotient X/Γ. In our case, we do not assume existence of any isometric group actions or equivariance of the Moebius map, indeed the isometry groups of X, Y may well be trivial.
The proof of Theorem 1.1 relies on certain properties of the circumcenter extension proved in [Bis18] . In section 2 we recall the necessary preliminaries on Moebius maps and the circumcenter extension, and then in section 3 we prove the main theorem.
Preliminaries
For details and proofs of the assertions made in this section we refer to [Bis15] , [Bis17a] , [Bis17b] , [Bis18] .
2.1. Moebius metrics and visual metrics. Let (Z, ρ 0 ) be a compact metric space of diameter one. For a metric ρ on Z, the cross-ratio with respect to the metric ρ is the function of quadruples of distinct points in Z defined by
A metric ρ on Z is said to be antipodal if it has diameter one and for any ξ ∈ Z there exists η ∈ Z such that ρ(ξ, η) = 1. We assume that the metric ρ 0 is antipodal. We say that two metrics ρ 1 , ρ 2 on Z are Moebius equivalent if for all quadruples of distinct points in Z, the cross-ratios with respect to the two metrics are equal. We let M(Z, ρ 0 ) denote the set of all antipodal metrics on Z which are Moebius equivalent to ρ 0 . For any ρ 1 , ρ 2 ∈ M(Z, ρ 0 ), there exists a positive continuous function on Z called the derivative of ρ 2 with respect to ρ 1 , denoted by
for all ξ, η ∈ Z, and such that
for all non-isolated points ξ of Z. Moreover,
The set M(Z, ρ 0 ) admits a natural metric defined by
Let X be a proper, geodesically complete CAT(-1) space with boundary at infinity ∂X. For any x ∈ X, there is a metric ρ x on ∂X called the visual metric based at x, defined by
where (ξ|η) x is the Gromov inner product between the boundary points ξ, η ∈ ∂X with respect to the basepoint x, defined by
The metric space (∂X, ρ x ) is compact, of diameter one, and antipodal. Moreover, for any two points x, y ∈ X, the metrics ρ x , ρ y are Moebius equivalent. Thus the metric space (M(∂X, ρ x ), d M ) is independent of the choice of x, and we denote it by simply M(∂X). The map X → M(∂X), x → ρ x is an isometric embedding with image 1/2 log 2-dense in M(∂X).
2.2. The circumcenter extension. Let X, Y be complete, simply connected Riemannian manifolds of pinched negative curvature −b 2 ≤ K ≤ −1, and suppose there is a Moebius homeomorphism f : ∂X → ∂Y . The Moebius map f induces a homeomorphism between the unit tangent bundles φ : T 1 X → T 1 Y which conjugates the geodesic flows. The map φ is defined as follows: given v ∈ T 1 X, let γ : R → X be the unique bi-infinite geodesic such that γ
Recall that in the CAT(-1) space Y , any bounded subset B has a unique circumcenter c(B) ∈ Y , which is the unique point minimizing the function y ∈ Y → sup z∈B d(y, z). Let (φ t :
This defines a continuous map p :
, it is shown that for any compact subset K ⊂ T 1 Y such that p(K) ⊂ ∂Y is not a singleton, the limit of the circumcenters c(π(φ t (K))) exists as t → +∞. The limit is called the asymptotic circumcenter of the compact K and is denoted by c ∞ (K).
The circumcenter extension of the Moebius map f is the map F : X → Y defined by
, it is shown that the circumcenter extension F is a (1, (1 − 1/b) log 2)-quasi-isometry, while in [Bis17b] it is proved that the circumcenter extensions of f and f −1 are √ b-bi-Lipschitz homeomorphisms which are inverses of each other.
For x ∈ X and ξ ∈ ∂X, let − → xξ ∈ T 1 x X denote the tangent vector γ ′ (0), where γ is the unique geodesic with γ(0) = 0, γ(+∞) = ξ. For y ∈ Y, η ∈ ∂Y , − → yη ∈ T 1 y Y is similarly defined. Let µ be a probability measure on ∂X. We say that µ is balanced at x ∈ X if
for all v ∈ T x X. The notion of a probability measure on ∂Y being balanced at a point of Y is similarly defined.
Let F : X → Y be the circumcenter extension of the Moebius map f : ∂X → ∂Y . For x ∈ X, define a function u x on ∂X by
and let K x ⊂ ∂X denote the set where the function u x achieves its maximum. In [Bis17b] , it is shown that for any x ∈ X, there exists a probability measure µ x on ∂X with support contained in K x such that µ x is balanced at x ∈ X and f * µ x is balanced at F (x) ∈ Y . We will need the following propositions from [Bis18] : Given x ∈ X, the flip map
) For x ∈ X, the function u x achieves its maximum at ξ ∈ ∂X if and only if it achieves its minimum at i x (ξ) ∈ ∂X.
Proposition 2.4. ( [Bis18] ) Let x ∈ X be a point of differentiability of the circumcenter map F : X → Y . Then for any ξ ∈ K x and any v ∈ T x X, we have
The following Lemma follows from Propositions 2.2 and 2.3:
Lemma 2.5. Suppose for some x ∈ X, there exists ξ ∈ ∂X such that ξ, i x (ξ) ∈ K x . Then the circumcenter map F : X → Y is an isometry.
Proof: It follows from Proposition 2.3 that the maximum and minimum values of the function u x are equal. On the other hand we know that the maximum and minimum values are negatives of each other. Since the maximum value equals the constant M , we have M = −M and hence M = 0. It follows from Proposition 2.2 that F : X → Y is an isometry. ⋄
Proof of main theorem
Let X, Y be complete, simply connected Riemannian surfaces of pinched negative curvature −b 2 ≤ K ≤ −1, and let f : ∂X → ∂Y be a Moebius homeomorphism with circumcenter extension F : X → Y . All the tools are now in hand for the proof of the main theorem:
Proof of Theorem 1.1: As mentioned in the previous section, for any x ∈ X there exists a probability measure µ x on ∂X with support contained in K x such that µ x is balanced at x ∈ X, and f * µ x is balanced at F (x) ∈ Y . As shown in [Bis17b] , this is equivalent to the fact that the convex hull in T x X of the compact { − → xξ : ξ ∈ K x } contains the origin of T x X and the convex hull in T F (x) Y of the
By the classical Caratheodory theorem on convex hulls, since X is of dimension two this implies that there exists 1 ≤ k ≤ 3 and distinct points ξ 1 , . . . , ξ k ∈ K x and α 1 , . . . , α k > 0 (all depending on x) such that
and α 1 + · · · + α k = 1. Since the vectors − → xξ i are non-zero we must have 2 ≤ k ≤ 3. Now if any two of the vectors − → xξ i , − → xξ j for some i = j are linearly dependent, then since they are distinct unit norm vectors we must have − →
and it follows from Lemma 2.5 that F is an isometry and we are done. In particular if k = 2 then we are done. Thus we may as well assume that for any x ∈ X, there exist distinct points ξ 1 , ξ 2 , ξ 3 ∈ K x and α 1 , α 2 , α 3 > 0 (all depending on x) such that any two of the vectors − → xξ i , − → xξ j for i = j are linearly independent.
As mentioned in the previous section, the circumcenter extensions of f and f −1 are bi-Lipschitz homeomorphisms which are inverses of each other. Thus there are sets A ⊂ X and B ⊂ Y of full measure (with respect to the Riemannian volume measures) such that F is differentiable at all points of A and F −1 is differentiable at all points of B. Since F is bi-Lipschitz, the set F −1 (B) ⊂ X has full measure, thus so does the set C := A ∩ F −1 (B). For any point x of C, F is differentiable at x, F −1 is differentiable at F (x), and by the Chain Rule the derivatives dF x , dF
are inverses of each other, so dF x :
Now let x ∈ C. As remarked earlier, we may assume that there are distinct points ξ 1 , ξ 2 , ξ 3 ∈ K x such that
for some α 1 , α 2 , α 3 > 0, and such that any two of the vectors − → xξ i , − → xξ j for i = j are linearly independent. By Proposition 2.4, we have
and hence
x is an isomorphism. Now let
Taking inner products of the left-hand side of equation (1) 
A computation gives det(T ) = −2α 1 α 2 α 3 < 0, so T is nonsingular, and it follows that − → u 1 = − → u 2 . We thus have
On the other hand, by Proposition 2.4, we have for all 1 ≤ i ≤ 3. Since the vectors − → xξ 1 , − → xξ 2 span T x X, it follows that dF *
x dF x = id. Thus dF x is an isometry for all x ∈ C, in particular ||dF x || = 1 for all x ∈ C. Now it is a classical fact that if a Lipschitz map F between Riemannian manifolds satisfies ||dF || ≤ L almost everywhere for some constant L, then F is L-Lipschitz. It follows that the circumcenter extension F : X → Y of the Moebius map f is 1-Lipschitz. Now we know from [Bis17b] that F −1 is the circumcenter extension of the Moebius map f −1 . Applying the same argument to the Moebius map f −1 , we obtain that its circumcenter extension F −1 is also 1-Lipschitz. Since both F and F −1 are 1-Lipschitz, F is an isometry. ⋄
